We present a class of classically marginal N -vector models in d = 4 and d = 3 whose scalar potentials can be written as subdeterminants of symmetric matrices. The d = 3 case is a generalization of the scalar Bagger-Lambert-Gustavsson (BLG) model. Using the Hubbard-Stratonovich transformation we calculate their effective potentials which exhibit intriguing large-N scaling behaviors. We comment on the relevance of our models to strings, membranes and also to a class of novel spin systems that are based on ternary commutation relations.
The relationship between D3-branes and 4d YangMills theories is a fundamental ingredient in our current understanding of string theory. One of the simplest manifestations of such a relationship arises in the study of the scalar part of the action of N = 4 U (N ) super-Yang-Mills (SYM)
where Φ I are matrix fields Φ I = Φ 
where m . This simplified analysis reveals the crucial physical property of the system: the potential energy of N D3-branes is due to the twobody interactions among them. The latter are naturally interpreted as strings stretched between pairs of branes, having (masses) 2 m 2 ab . Then, for large-N the usual N 2 YM scaling arises from the combinatoric factor counting two-body interactions. The effective potential (2) depends essentially on the N -vector fields Φ I a , through the symmetric composite quantities m 2 ab , however, only the N (N − 1)/2 offdiagonal elements of m ab enter the result (2). This effect is a consequence of the underlying U (N ) algebraic structure of the system. Such a point of view motivates us to ask whether we could capture the essential physics of the D3-brane system using a simpler N -vector model. Indeed, using scalars Φ I a we could construct various composite quantities that are symmetric in the Cartan indices and then we could conceive an alternative mechanism leading to an effective potential similar to (2) without having to assume detailed knowledge of the underlying algebraic structure. We will present such a model below. Of course, the knowledge of the U (N ) structure provides us with a wealth of additional information regarding the D3-brane system and its relationship with string theory. A corresponding model exists in d = 3, and we believe that it is a fruitful way of approaching the universality class of the conformal theory describing N M 2-branes [2], as in that case the underlying algebraic structure is still not understood.
To motivate the d = 4 model, consider the scalar potential of the action (1) for SU (2) generalized to
where a, b, c = 1, 2, 3. Generalizing abc to the structure constants f abc of U (N ) with a, b, c = 1, 2, .., N 2 one obtains the scalar potential of U (N ) YM with N f flavors. There is, however, another generalization of (3) with a, b, c = 1, 2, .., N which is
Here, we use the appropriate N -index tensors with N −2 indices contracted. We refer to the classically marginal N -vector potential (4) as the 2-subdeterminant potential, 
Now we introduce the 4d subdeterminant model as
where µ the HS fields σ ab and ρ ab we write the partition function as
The measure factors are Haar measures for the real symmetric N × N matrix fields σ and ρ. We will analyze this theory in the saddle point approximation at large N f , assuming that the saddle points are homogeneous in space-time. Note that the argument of the exponential in the path integral is not invariant under separate transformations of ρ and σ (because of the T r σρ term). However, the form of the saddle point equation for ρ is σ = 2ρ + (µ 2 0 − 2(trρ))1 (where overlines denote saddle point values). This is a local equation which has the following important property (of a saddle point): in a basis where ρ is diagonal, σ is diagonal as well. In this sense, we can simultaneously diagonalize σ ab and ρ ab , and perform the Φ path integral. As a result we get
where σ a and ρ a are eigenvalues of σ ab and ρ ab respectively. To obtain (10), we rescaled g 0 → g 0 /N f . For constant configurations, the effective action yields the effective potential as V eff = S eff /g 0 (V ol 4 ). For large N f , the uniform saddle points σ a , ρ a satisfy
Introducing a cutoff Λ in equation (11) yields
Substituting r a back into (10) we first encounter the usual field independent quartic divergence (vacuum energy) which we drop. We also encounter a quadratic divergence which can be cancelled by a fine tuning of the bare mass (in the sense of tuning to a UV fixed point). Namely, we require that
is finite and zero for σ a , r a = 0, which leads to µ 2 0 = 2(N − 1)ρ cr . Alternatively, we may renormalize this model by subtracting an infinite contribution to the σ tadpole. Integrating then (14) and using (12) we obtain
To find the saddle point, we should minimize (15) with respect to the σ a 's. The last term in (15) demonstrates the following property of the 4d subdeterminant model. Although the validity of the saddle point is given by large N f , the effective potential is dominated by the sum over the off-diagonal elements of a symmetric matrix, in close proximity with the D3-brane potential (2) if we take N to be large. Moreover, the σ a are proportional to the (mass) 2 of the N vector fields Φ I a . For simplicity we can consider the homogeneous configuration σ a = σ, a = 1, 2, .., N when the potential becomes in the large-N limit
In Fig.1 we sketch the effective potential (16) for g 0 > 0, which shows the similarity with the corresponding behavior of the effective potential (2). However, since the simplicity of our model does not allow to fix either the value or the sign of g 0 , such a similarity cannot be taken too far. Nevertheless, this is enough motivation to apply the idea to the more intriguing case of M 2-branes in what follows.
In d = 3, the corresponding subdeterminant potential is a special ϕ 6 model λ 0 we can follow the argument above and diagonalize ρ ab and σ ab to obtain the effective action
To achieve this form we rescaled λ 0 → λ/N f and g 0 → g 0 /N f . Following the same procedure as in the 4-dimensional case, we look for uniform saddle points σ a , ρ a of the large-N f effective potential V eff = S eff /λ 0 (V ol 3 ) which satisfy
Then, writing r a ≡ ρ a − ρ cr , ρ cr = λ0Λ 2π 2 , we express the effective potential in terms of the r a and fine-tune the bare couplings µ 2 0 and g 0 /λ 0 to renormalize it (after dropping as usual the cubic divergence that corresponds to the 3d vacuum energy). In this case we need to impose two renormalization conditions δV eff δr a σa,ra=0
We then obtain (23) for generic σ a and ρ a we obtain the effective potential as
(24) As before, for homogenous configurations σ a = σ, large-N and assuming that λ 2 0 ∼ O(1) the effective potential becomes
The stable vacuum is at σ = 0 [5]. Notice the peculiar N 3 scaling of the effective potential that arises from the three-body nature of the subdeterminant interaction i.e. from the (N choose 3) term. We should note that this scaling could have been obtained just from a (Φ term, which is the large-N limit of the (17) potential. In that sense, although the potential (17) does coincide with the BGL potential for N = 4, its algebraic structure does not play a significant role in the large-N result (25). The latter result is an indication that our model provides the large-N effective description of a system of M 5-branes. In such a picture the three-body interactions would correspond to string junctions [6] .
We conclude with some observations regarding our subdeterminant potentials and their algebraic properties. Much of the combinatoric structure that we have discussed here arises from properties of the symmetric polynomials involved in the potentials. With this in mind, it is tempting to view our d = 3 and d = 4 subdeterminant models as arising from a more general scheme. As an example, note that if we were to identify ρ with some sort of curvature 2-form, then the subdeterminant potentials correspond to their Chern characters.
Next, we comment on an intriguing relationship of our models with spin-systems. In the 4d case we can define the N ×N matrices T A as
, where we have introduced the collective index {c 1 , .., c N } → A = 1, 2, .., 
For generic N and N f one should be able to study the algebraic structure of the cubic matrices T A [8] [9] [10] as well as of the "generalized spins" (S A ) IJK [7] . However, for the minimal case N = 4 and N f = 3, the cubic matrices T A become the usual 4-indexed Levi-Civita
c . In this case, one can define the cubic matrices [8] [9] [10] 
(28) We have introduced the generalized Kronecker ∆ abc which is 1 for a = b = c and zero otherwise. All indices run from 1, ..., 4, but no summation over repeated indices is implied. With the above definitions one can show that the standard ternary commutator satisfies
i.e. (T A ) abc are a representation of the A 4 3-algebra [2, [8] [9] [10] ].
It would be natural then to study the ternary commutator of the "spins" S A when the Φ I 's are promoted into generalized Nambu-Heisenberg oscillators as in [11] . This way we expect to obtain a generalization of the Hubbard model for spins that satisfy the A 4 3-algebra [7] .
In conclusion, we have initiated the study of the 4d and 3d subdeterminant models. These models can be studied using a Hubbard-Stratonovich transformation and exhibit quite interesting large-N behavior which seems intimately connected with the behavior of the effective theory describing the stringy interactions among D3-branes in 4d. Hence, it is conceivable that the 3d subdeterminant model might be related to the effective theory that describes the interactions among M 2-branes. The N (2008 
